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One of the remarkable results of Segre's, quoted in ||AC|| as Theorem 0.2, states that 
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generic fc-gonal curves have distinguished nodal models lying on the Hirzebruch sur- 
face Ex, in such a way that minimal pencils are given by the ruling. Since there exist 
several results relating Koszul cohomology of a surface to the Koszul cohomology of 
curves which lie on it, it seems natural to make use of this very geometric context 
to verify some cases of Green's conjecture. As exemplified by the main result of 
this short Note (to be compared to |(5cb Q, this strategy works well for curves of 



gonality much smaller than the generic value (as for the case of generic curves of 



large gonality, other recently developped approaches, like the innovative one of fVo] 
are much more efficient). 



Theorem 1. Green's conjecture is valid for a generic k-gonal curve of genus g, for 
which g>k(k- l)/2. 

The idea of proof consists of showing some vanishing result for the Koszul coho- 
mology of blowups of Si, and bringing this into relation with Koszul cohomology of 



CSJ ■ strict transforms of nodal curves on Ei. The fact of working over Ej is not essential, 



and we can actually state similar results for an arbitrary Hirzebruch surface E e , as 



follows (we freely use the notation of |[Ap|| , such as Co for the minimal section, / for 



the fibre of the ruling etc, without further mention). 

S" 

Theorem 2. Let e > 0, a > 2, (3, and 7 be four integers which satisfy the fol- 
lowing inequalities (3 > maxjae, a + e}, and 7 < (3 — (e — l)a. Let Ep E e be 
the blowup of E e in a set V = {aq, x y } of generic points of E e , denote E-p the 
exceptional divisor, and Hp = cr r (9s e (aCo + f3f) — Ep. Then K Pt i(Tip, Hp) = for 
allp> h°H r - a- I. 

Proof. We show first that there exists a set of points V = {xi, a; 7 }, for which 
vanishing of the Koszul cohomology on Ep holds as stated in the conclusion. We 
denote L = Os e (aCo + @f), and we choose Y e \L\ a smooth curve (such a curve 
does exist, as f3 > ae, and (3 > 0). Since 7 < (3 — (e — l)a = deg(0s e (Cu + f)\y), 
there exists a set of points T = {aq, ...,x y } C Y, such that O^ e (C + f)\y — X\ — 
... — x 7 is effective. Therefore, Theorem 6.3 of [|Ap|| applies in our case, and thus 
K Py i(Y, L\y —X\ — ... — x 7 ) = for all p > h°(Y, Lvy — x\ — ... — x 7 ) —a. In particular, 



by means of |Ap| Remark 1.3 applied for the strict transform Y G \Hr\ of Y, we 
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obtain K Pt i(Hp, Hp) = 0, for all p > h°(Ep, Hp) — a — 1, as claimed. Furthermore, 
as the line bundle L\ Y — x\ — ... — x 7 is nonspecial, the points {xi, ...,x 7 } impose 
independent conditions on the linear system \L\. 

Next, we claim the vanishing of the Koszul co homology of bundles Hp on different 
blowups of S e is an open condition in families of T's which impose independent 
conditions on \L\. This comes from the fact that we can describe K Pi i(Ep, Hp) as 
the cohomology in the middle of the complex 

A H°(Hp) — > H°(H r ) ®f\H°(H r ) — > H°(L® 2 ) <g> /\ H°(H T ). 

As the first map is always injective, and the complex above is the fiber-restriction of 
a complex of vector bundles over the locus parametrizing the cycles T which impose 
independent conditions on \L\, the claim follows. 

Remark 3. The condition f3 > max{ae, a + e} is equivalent to saying that the 
ruling on S e restricts to a minimal pencil to any irreducible smooth curve in the 
linear system \L\. 

An immediate consequence of Theorem 2 is the following. 

Corollary 4. Let e > 0, k > A, m, and 7 be four integers which satisfy the following 
inequalities m > max{(& — l)e + 2, k + 2e}, and 7 < m — e — 2 — (k — 2)(e — 1). Let 
T = {xi, ...,x 7 } be a set of generic points ofTj e , and let X be an irreducible curve 
on E ej numerically equivalent to kCo + mf, having ordinary nodes at x±, ...,x 1 and 
no other singular points. If X denotes the normalization of X , then the Clifford 
dimension of X equals one, and Green's conjecture is valid for X . 



Proof. The proof runs in a similar way to that of ||Ap|| , 8.1, so we shall only sketch it 
here. We set a = k — 2, and (3 = m — e — 2, and we use the same notation as in the 
proof of Theorem 2 . We also denote the genus of X by g — (k — 1 ) (m — 1 — ke/2)— 7. 
We observe that h°(Hp — X) = h l {Hp — X) = 0, and H r ^ = K%, which altogether 
yield to a long exact sequence: 

... — > K Pjl (E r , Hp) — > K Ptl (X, K~) — > X p -i, 2 (E r , -X, Hp) — > ... 

By means of Green's vanishing ||Gr|| 3.a.l., we obtain f^ p _ li2 (Sr, — X, Hp) = for 
p > h°(2H r -X) + l. As h°(2H r -X)+l < g-k+1, we apply Theorem 2 to conclude. 



Proof of Theorem 1. Thanks to ||AC|| , 4.7, we know that for any integers k, m, 
and 7 satisfying the inequalities k > 4, m > k + 2, and 7 < m — 3, and for any set 
T of 7 points in general position on Si, there exists an irreducible curve X on S 1; 
numerically equivalent to kCo + mf, and having ordinary nodes at the points of T 
and no other singular points. In view of Corollary 4, and of semicontinuity of graded 
Betti numbers, what is left from the proof is now a purely numerical matter: for 
any integers k > 4, and g > k{k — l)/2, there exist m > k + 2, and < 7 < m — 3, 
such that g — (k — — 1 — k/2) — 7. 



2 



References 

[AC] E. Arbarello, M. Cornalba, Footnotes to a paper of Beniamino Segre, 
Math. Ann. 256 (1981) 341-362 

[Ap] M. Aprodu, On the vanishing of higher syzygies of curves, Math. Z. to 
appear (DOI 10.1007/s002090100403) 

[Gr] M. Green, Koszul cohomology and the geometry of projective varieties, J. 
Diff. Geom. 19 (1984) 125-171 

[GL] M. Green and R. Lazarsfeld, The nonvanishing of certain Koszul coho- 
mology groups, J. Diff. Geom. 19 (1984) 168-170 (Appendix to [pr|]) 

[Sch] F.-O. Schreyer, Green's conjecture for general p-gonal curves of large 
genus, Algebraic curves and projective geometry, Trento, 1988, Lecture 
Notes in Math., 1389, Springer, Berlin-New York (1989) 254-260. 

[Vo] C. Voisin, Green's generic syzygy conjecture for curves of even genus lying 
on a K3 surface, Preprint 2001 



3 



